A typical strategy for disease control in domesticated animals involves regular field tests and quarantine of infected herds. This prevents disease spread beyond the herd, while slaughter of diseased animals removes the infection from within the herd. A model of bovine tuberculosis (Tb) control in cattle is examined, which includes 'test and slaughter' combined with herd isolation and vaccination. Herd status is represented by an integral equation expressing the duration of herd isolation. The current Tb situation in New Zealand is used as an example, and vaccination strategy discussed. Extrapolation of existing management strategies indicate that a vaccine of efficacy greater than 96% would be required, reaching 95% of target Tb levels within six years. These results suggest that a complementary strategy of vaccination and vector control may be more promising than vaccination alone.
INTRODUCTION
Typically, the control of infectious diseases involves two related strategic goals-the isolation of centres of disease to prevent disease spread, and control or eradication within the disease centres themselves. For disease control in domesticated animals, isolation may involve the quarantine of entire herds of animals or groups of herds. These herds are then rigorously tested for disease and infected animals removed. This strategy has been proven successful in the eradication and control of Mycobacterium bovis (bovine tuberculosis or Tb) in many parts of the world. However, bovine Tb remains a significant problem in countries with a large wildlife disease reservoir, such as with badgers (Meles meles) in Ireland and southwest England (see Brown et al. 1994) , and in many developing countries where, for a variety of reasons, standard control methods are ineffective. Further interest in the problem has been spurred on by the role of Tb in the AIDS epidemic, which has resulted in an increased interest in the problem of human-toanimal and animal-to-human transmission of bovine Tb (Daborn & Grange 1993; or Moda et al. 1996) .
In New Zealand, bovine Tb prevalence in cattle is quite high (Animal Health Board 1995) , mainly due to the presence of a large feral brushtail possum (Trichosurus vulpecula) population, which has been implicated as a reservoir and disease vector for the cattle herds (O'Neil & Pharo 1995; Morris & Pfeiffer 1995) . Thus, alternative Tb control strategies must * Author for correspondence.
be pursued in order to reduce disease incidence to an acceptable level. In this paper a model incorporating the use of herd management is examined, in order to ascertain the requirements for a strategy involving vaccination of the cattle.
Prior studies of bovine Tb in cattle herds have looked at transmission within the herd (see, for example, van den Driessche (1996) , and for the epidemiologically similar Johne's disease or paratuberculosis, Collins & Morgan (1991 , 1992 ) or examined herd management (Ryan 1994b ), but there exist no studies linking the two elements in a single model of the dynamics of intraherd infection.
For our purposes, a bovine Tb infection has four disease stages. During the latent stage (of length in the order of a few weeks) the animal is infected, but neither infects other animals, nor tests positive for Tb. At the reactor stage, the animal tests positive, but is not infectious. The infectious stage of the disease which follows is typically identifiable by the appearance of open lesions (and is thus assumed to be identifiable by abattoir inspection), though there is evidence of infectiousness without visible lesions (Neill et al. 1989) . Eventually, an anergic stage is reached, where highly infectious animals no longer react to tuberculin-based Tb tests. In addition to the disease stages, our model considers herd status. Current New Zealand practice considers only two broad classifications of herds with respect to Tb infection. Suspected or confirmed Tb cases result in herd movement control (MC) status; all other herds are considered to be Tb free (subclassifications are not discussed here, but can be found in O 'Neil & Pharo (1995) and Ryan & Cameron (1995) ). MC status is used to monitor Tb infection levels and form the basis for comparison with international standards (national Tb-free status requires fewer than 0.2% of herds on MC). New classifications to be introduced in New Zealand are intended to reflect the true disease situation more accurately. There will be four distinct classifications, as follows.
(i) C n : 'Clear' status for n years-no evidence of Tb for two consecutive herd tests, conducted a minimum of six months apart, results in C 1 status; further testing continues at a rate dependent on the local threat of further infection.
(ii) I n : 'Infected' status where Tb has been identified or suspected, in the last n years.
(iii) S: clear herds for which there is suspicion that Tb cases will be put under 'suspended' status, with transfer to infected status only occurring upon confirmation of suspected Tb cases.
(iv) W: 'Works monitored' herds will be tested by alternate means (abattoir inspection); herds under this classification include, for example, infected dry stock herds in which greater than or equal to 90% of all animals will be slaughtered within 12 months; these herds present a low risk for cattle-to-cattle transmission of Tb.
Further discussion of herd management procedures can be found elsewhere (Animal Health Board 1995).
MODEL FORMULATION AND ASSUMPTIONS
We are primarily interested in the proportion of herds with clear status, and the epidemiology of Tb within those herds. We make the following assumptions, which allow us to forego modelling the disease in infected status herds explicitly.
(i) Abstracted quarantine strategy. All Tb-infected animals are assumed to be removed through rigorous test and slaughter procedures before release from infected status.
(ii) Constant overall number of herds, and number of cattle per herd. Herd population is controlled by farm management, and is not a variable in the model.
(iii) Herds returned to clear status from infected have a negligible effect on the proportion of infected animals per herd.
(iv) Continuous herd testing. Under this assumption, testing of all animals occurs continuously, whereas some time may elapse before an infectious animal can be tested. Thus, this model may tend to overestimate the effectiveness of quarantine-based management strategies. However, the alternative assumption of periodic testing does not account for herds being tested at different times of the year, and would involve considerable complication of the model. For a sufficiently large number of herds, with individual herds tested over the course of the year, a continuous testing model will still give meaningful results.
(v) False positive test results do not have a significant effect on infection statistics. While, under current herd management procedures, false positives may be the cause of a significant number of MC status cases (up to 26% of all MC cases in non-vector areas, with a mean time on MC of 4.4 months (Ryan 1995) , the suspended classification is expected to be a transition stage which will prevent false positives from leading to excessive numbers of misclassified herds.
(vi) Anergic stage cattle (highly infectious, but no longer sensitive to testing) are unimportant. Typical domestic cattle life-spans are quite short, and the vast majority of Tb-infected animals are detected before this stage is reached.
(vii) External reservoirs of infection are the primary source of new Tb cases. In light of this, the problem is simplified by approximating inter-herd and intra-herd transmission through a single transmission term.
QUALITATIVE ANALYSIS
In a system of H herds with constant herd size n, let the number of cattle per herd in the latent Tb stage be l, the number of cattle per herd which are Tb test reactors (both infectious and non-infectious) be r and the number of Tb infectious cattle per herd be i. Then the number of animals susceptible to Tb is s = n − l − r. Infection originating from the feral possum reservoir occurs at rate αs, and from other infected cattle at rate βis. Cattle from outside the system are imported into the modelled herds; these cattle may include Tb-infected animals that are assumed to be in the latent stage of infection. Cattle with latent Tb are imported into the system at a rate µl X per herd, and exported at a rate µl. Clear status herds are transferred to infected status at a rate g(r(t)). A herd transferred to infected status may contain more than one infected animal; the rate per herd at which Tb-reactor cattle are transferred to infected status is h(r(t)). Then the rate at which latent stage cattle are transferred is hl/r, and thus the rate of change of latent Tb cattle per herd is
We have assumed that infected cattle move from the latent stage of the disease to the reactor stage at rate γl, and similarly to the infectious stage at rate η(r − i). This gives us
and
If r(t) is known, we can determine the number of infected status herds I(t) and the number of clear status herds C(t) = H − I(t) by solving the integral equation
The function φ is the proportion of herds which remain on infected status after time τ . The expected time on infected status is assumed to be a known function, constant in time.
If p is the probability that a single infection will not be detected, then the overall detection rate is 1 − p x in a herd with x Tb-reactor animals. The approximation that the export of animals from the herd does not significantly affect the incoming rate is valid for low transport rates µl X , or where the number of herds outside the modelled system is much greater than the number within it.
In a homogeneously mixed population, the probability that any one animal will be infected is independent of the animals around it. In this case, the probability distribution of infected animals in herds would be Poisson. In general, however, the population will not be homogeneous-there will be regional variation depending on a number of factors (health of the animals, higher possum density, etc.). A mixing of populations using a gamma distribution for r, will result in the overall infection distribution being negative binomial or Poisson-gamma. Under the approximation of n 1,
where
. See Appendix 1 for the development of these expressions. The negative binomial distribution is governed by two parameters, k and b, where the mean and variance of the distribution are r = kb and kb(1 + b), respectively. Since the variance-to-mean ratio is then 1 + b, b is a measure of the heterogeneity of the data (b = 0 for the simple Poisson case).
(a) Incorporating vaccination strategies
The future of Tb vaccine development is a subject of much debate. It is well known that the efficacy of the Bacille Calmette Guerin (BCG) vaccine against both M. tuberculosis and M. bovis varies widely amongst adult humans. Efficacy is strongly regionally dependent, showing, for example, significantly less value in developing countries, where prior Tb exposure may have some effect (Grange 1986) . Results of vaccine trials in cattle have been even more ambiguous; nevertheless, the significant benefits of an effective vaccine have encouraged continued research (see, for example, Daborn & Grange 1993; Griffin et al. 1995; Newell & Hewinson 1995) . While the search for a vaccine which replaces the current herd management system continues, the development of a vaccine which complements herd management and wildlife vector control is most likely, and it is this model that will be considered here. The principal difficulty associated with the use of a successful vaccine is its effect on testing procedures-the currently employed caudal fold (CF) test will most likely be unable to distinguish between infected and vaccinated animals.
Assuming an effective test can be developed, this scheme involves a prophylactic vaccine with 100% efficacy over a proportion v(t) of the population. The proportion of the population that is not fully protected is partially protected with mean efficacy 1 − (t). v(t) and (t) are assumed to be known functions implemented at some arbitrary time (for convenience, taken to be t = 0), and are monotonic increasing from zero to final levels ∞ < 1, and v ∞ < 1. For a population which is homogeneously mixed with respect to vaccination, the model can be written as
In a herd which is vaccinated after it already contains a Tb infection, the number of susceptible cattle is s = (n − l − r) (1 − v(t) ). However, once a vaccination programme is established and all animals are vaccinated prior to exposure to Tb, the form s = n(1 − v(t)) − l − r given here is more appropriate, and will be the one considered in the following discussion. The vaccine is assumed to have the same effects on both the primary and the secondary modes of transmission, with no effect on the length of the various stages of infection. While some herds may be more susceptible to infection than others (improper vaccination procedures, poorer general animal health, etc.), this is a factor only considered in the parameter b. The question of how b is related to other factors is unknown, and for the purposes of this model it is considered to be a constant.
The function (t) subsumes two factors in considering vaccination schemes: the degree of protection, which is the extent to which the vaccine protects an individual in whom it has taken effect, and the duration, or how long the vaccine will give protection (McLean & Blower 1995) . For a well-mixed population, it is unimportant whether the differences in efficacy across the population are temporally or spatially dependent, as long as the overall distribution is static. This would not be the case, for example, if the entire herd were vaccinated simultaneously at fixed intervals, resulting in a pulse-like effect. The function v(t) represents the proportion of cattle that is fully protected by the vaccine. Decline in vaccine efficacy over time would be unimportant in the context of this model if animal life expectancy is considerably less than the vaccine's effective lifespan.
It is possible that a vaccine could be therapeutic in nature. By delaying or eliminating the onset of the infectious stage, this would reduce the chance of cattle-to-cattle transmission, but not the primary infection. Such a vaccine might be better utilized on the primary Tb source (i.e. the possums) rather than the cattle themselves. Within the context of the model, separate vaccine parameters could be incorporated for each disease stage. While this would not significantly affect the form of the model, it would change its quantitative results.
(b) Equilibrium values and local stability of the equilibrium
An examination of the behaviour of the system is referred to in Appendix 2. It is sufficient to remark here, that for reasonable parameter values under the current testing regime, the model system has a locally stable equilibrium state.
With no vaccination, and under a perfect testing regime where every incidence of Tb is detected and no secondary transmission occurs (i.e. p = 0 and β = 0),
Reduction or elimination of Tb then depends on reduction or elimination of α and µ, which corresponds to reducing or eliminating the external infection reservoirs. In these cases, steady states are locally asymptotically stable for all parameter values. While in the extreme case of p → 1, and if r ∞ → 0, instability could occur for α < β(n(1−v ∞ )), this will not occur for a cattle vaccination strategy. An additional consideration, however, is reduction in α through vector control. The combination of a reduction in field-test efficacy through use of a cattle vaccine, and a possum vector removal strategy may affect other parameters.
NUMERICAL RESULTS
Intraherd transmission parameters are taken from J. M. Kean (personal communication), while herd parameters are taken from and from a MAF Tb database (Ryan 1991 (Ryan , 1994a Determination of the index of overdispersion 'b' is difficult-the available data only represent MC herds, and undetected infections are of course unrepresented. The distribution will be skewed towards larger b values, since it is more likely that isolated cases of infection will remain undetected than it would be for larger clusters. This will result in underestimates of the required efficacy of a vaccine. The negative binomial parameters are fitted to give the correct mean and number of herds with zero lesion reactors. A full treatment of the sensitivity of the results to this estimate is inappropriate here; however, some insight can be gained by a numerical example. Using the perfect testing regime of system (11) and the parameter values of table 2, a 10% increase or decrease in the value of b results, respectively, in a 2.5% decrease or 2.7% increase in the number of infected status herds, indicating that the results are probably sensitive only to a gross error in estimating b. The data and fitted curve are shown in figure 1 .
The primary infection parameter, α, is highly dependent on regional variations, and a good estimate was not found in the literature. It can be determined once the other parameters are known or estimated. A lower bound of α 8.6 × 10 −5 yr −1 is established if at least one lesion reactor per infected herd results from infection by external sources. If the vast majority of Tb cases were a result of external infection, then the lower limit in vector areas is α 4.1 × 10 −4 yr −1 . The upper limit is unknown, as there are no data for the extent of infection in non-MC herds. α is estimated here by assuming that Perfect implementation of current management practices implied by p = β = µ = 0, and using the system of equations (11) gives r ∞ = 0.109 reactors per herd, and 5% herds on MC. This would be insuffi- Figure 3 . Progress of Tb in cattle herds to equilibrium under 96% effective vaccine. The initial state is the equilibrium state with no vaccination. The number of reactors per herd is generated from a numerical solution of the differential equations using Maple. The number of infected status herds are generated from a numerical integration using the trapezoidal rule over 100 time-steps in Turbo Pascal.
cient to achieve Tb-free status and thus replacement or supplementary forms of Tb control must be considered.
Now consider a vaccine which only offers partial protection, i.e. with v(t) ≡ 0. For a vaccine acting alone, an efficacy of 1 − ∞ = 0.96 is required to achieve a 0.2% prevalence of infected status herds. For vaccines with efficacies of 90%, 75% and 50%, a reduction in α to 39%, 15% and 7.7% of the current value is required, respectively. Complementary strategies to reduce α would include such vector control measures as culling or vaccination of possums. The reduction of the herd proportion on infected status originates from the reduction of the average time on infected status, and the reduction in the incidence of infection. It is expected that use of a vaccine will reduce time on infected status; however, the resultant form of the function φ(τ ) cannot be determined without appropriate field tests. If the vaccine has no other effects than a reduction in the effective α and β, using φ(τ ) calculated for non-vector areas gives a reasonable estimate of the form of φ(τ ) under vaccination.
The initiation of the vaccination strategy is handled in an ad hoc manner. Implementation begins at t = 0, but changes to and φ(τ ) do not occur instantly, and to a large extent are independent of the model since they depend on human management decisions. Assume that φ(t, τ ) now varies in time. The time on MC data in vector areas are used for the pre-vaccination equilibrium φ old (τ ), and the data in non-vector areas for the post-vaccination, equilibrium form φ new (τ ). Assuming an exponential approach to the new equilibrium values, then
In this example, ω = 2.77, corresponding to 50% of maximum vaccine efficacy within three months. The progress towards equilibrium in figure 3 shows the reduction of disease levels if the equilibrium values of table 2 represent the initial state. No infection results from importation of Tb-infected animals into the region. The infection can be expected to halve in under 1.3 years from initialization of the vaccination programme, while the number of infected status herds halves in just over six months. A 95% reduction in the number of Tb-reactor cattle is expected to occur within 5.5 years and in infected status herds, in just over four years.
DISCUSSION
This model considers explicitly the monitoring and control of disease through herd management. Herd management forms an important part of 'test and slaughter' disease control methods, and it is important to consider the relationship between the herd management variable and the actual level of infection. While correlated, there is a serious question as to the validity of herd variables as markers for Tb control, principally since the amount of time a herd spends on infected (or MC) status is critical in determining the overall proportion of herds on infected (or MC) status, but is only indirectly related to the mean incidence of infection in herds.
In this model, we show that current disease control methods in New Zealand are insufficient to reduce Tb to the required levels, unless significant steps are taken to eliminate the feral possum problem. The following points illustrate the various control strategies, plus their interpretations within the model.
(i) Reduce infectious possum density through reduction of habitat, reduced migration, or culling-α decreases.
(ii) Reduce Tb in possums, via vaccination-α decreases.
(iii) Reduce transmission of Tb to cattle via vaccination of cattle against Tb-α, and β decrease, but p may increase.
(iv) Reduce transmission of Tb between cattle via therapeutic vaccines-β and η may decrease.
(v) Improve management practice and testing-φ(τ ) dτ decreases, µ and p decrease. As has been shown earlier, the latter two options would prove insufficient to reduce the incidence of Tb in cattle to target levels-infection from primary sources must be reduced as well. Because a cattle vaccine affects both primary and secondary transmission, whereas targeting the possum population only affects the primary transmission, a cattle vaccine of the same efficacy as an equivalent possum targeted strategy is more effective in reducing overall cattle infection incidence. As well, it is suggested in Appendix 2 that a programme which has greater influence on the secondary infection and testing procedures than the primary infection, may result in disease dynamics which do not reach a locally stable equilibrium smoothly. Of course, additional fact-ors such as cost of delivery, affects on testing programmes and other parameters must also be considered, even if the luxury of such a decision is made possible by the development of effective vaccines.
Exact numerical predictions are difficult given that New Zealand is currently undergoing a change in its cattle herd management strategy. This model is designed to reflect this new strategy, so there exist no accurate data for comparison. Existing MC data do, however, allow for estimation of all model parameters.
We suggest that a prophylactic cattle Tb vaccine must reduce infection rates by more than 96% from its current value in order to achieve target levels, if there are no concurrent changes to the wildlife Tb situation, no reduction in Tb testing efficacy, and an average time on infected status of approximately ten months. The time required to achieve this result is dependent on vaccine parameters and the implementation strategy. Use of an exponential model of vaccine introduction suggests that a 95% reduction in infection levels is possible within six years if 50% of final vaccine efficacy over all animals is reached within three months. Given that a proven effective Tb vaccine is yet to be developed, there is some question as to whether the above targets can be achieved in the near future. A promising alternative to the use of a vaccine alone, is the combination of a cattle vaccine strategy with efforts to curb the possum Tb problem.
While the results of this paper deal specifically with vaccination against Tb in cattle, the form of the model is applicable to any disease situation where control measures include massive quarantines. Extensions of this model to examine the implications of vector control programmes (specifically, control of Tb in possums) are the subject of a future paper.
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APPENDIX 1. DETERMINATION OF g AND h
The entire herd population is grouped into a series of homogeneous populations, where the probability that any one animal is infected is independent of any other animal being infected (i.e. intraherd transmission of Tb is minimal). For sufficiently large herd size n and small reactor numbers r, the distribution within each homogeneous population is of Poisson form. Then the probability f (x) that there are x such animals in a given herd is
Within each homogeneous population, the probability that a herd with x Tb-reactor animals will have at least one infection detected is 1 − p x , where p is the probability that a single infection will not be detected. Thus the mean number of herds moved to infected status is C(t)g(t), where
Similarly, for herds with x Tb-reactor animals the mean number of removed Tb-reactor animals is x(1 − p x ), and over all herds the number removed is
For large n, the approximation
can be used. For a heterogeneous population, the mean infection over time will vary over herds. Allowing each herd to have a different r value better reflects the possibility of clustering or aggregation of infection. A mixing of populations, using the gamma distribution over r, will result in overall population statistics governed by a negative binomial or Poisson-gamma distribution (see, for example, Boswell et al. 1979) , which is also commonly used in host-parasite models to describe the distribution of parasites within hosts (see, for example, Anderson & May 1978) . The distribution is fully described by any two of the mean, variance and any value f (x) defined by equation (14) . In the numerical results of this paper, the equilibrium mean r ∞ and f (0) are used.
Under a gamma mixing, the new probability f (x) that there are x such animals in a given herd is
where mΓ (m) = Γ (m + 1) with Γ (0) = 1 defines the gamma function. The approximation for g is then 
Similarly we can show that
APPENDIX 2. EQUILIBRIUM VALUES AND LOCAL STABILITY OF THE EQUILIBRIUM
The equilibrium value of I is
The function φ is restricted to be a monotonically decreasing function less than or equal to one for all τ > 0, with φ(0) = 1 and lim τ →∞ φ(τ ) = 0. The expected time on infected status is assumed to be a known function, constant in time. r ∞ is not dependent on I ∞ ; if r ∞ is locally asymptotically stable, then it can be shown using Laplace transforms that I ∞ is locally asymptotically stable for any suitable φ(τ ). Setting equations (8)- (10) to zero and eliminating l ∞ and i ∞ , we obtain equation (18) 
Using the Routh-Hurwitz criteria, and adopting reasonable parameter values (see § 4) the system can be shown to be locally asymptotically stable under current field situations.
While in the extreme case of p → 1, and if r ∞ → 0, instability could occur for α < β(n (1 − v) ), this will not occur for a cattle vaccination strategy. An additional consideration in this case, however, is reduction in α through vaccination or removal of possums. The combination of a reduction in field-test efficacy through use of a cattle vaccine, and a possum vector removal strategy may affect other parameters. For full details of the stability results, see Kao & Roberts (1997) .
